We find a new representation of the simple Lie algebra of type E 7 on the polynomial algebra in 27 variables, which gives a fractional representation of the corresponding Lie group on 27-dimensional space. Using this representation and Shen's idea of mixed product, we construct a functor from E 6 -Mod to E 7 -Mod. A condition for the functor to map a finite-dimensional irreducible E 6 -module to an infinitedimensional irreducible E 7 -module is obtained. Our general frame also gives a direct polynomial extension from irreducible E 6 -modules to irreducible E 7 -modules. The obtained infinite-dimensional irreducible E 7 -modules are (G, K)-modules in terms of Lie group representations. The results could be used in studying the quantum field theory with E 7 symmetry and symmetry of partial differential equations.
Introduction
A quantum field is an operator-valued function on a certain Hilbert space, which is often a direct sum of infinite-dimensional irreducible modules of a certain Lie algebra (group). The Lie algebra of two-dimensional conformal group is exactly the Virasoro algebra, which contains a central element. The minimal models of two-dimensional conformal field theory were constructed from direct sums of certain infinite-dimensional irreducible modules of the Virasoro algebra, where the value taken by the central element is an important physical quantity, called the central charge.
It is well known that n-dimensional projective group gives rise to a non-homogenous representation of the Lie algebra sl(n+ 1, C) on the polynomial functions of the projective space. Using Shen's mixed product for Witt algebras, Zhao and the author [ZX] generalized the above representation of sl(n + 1, C) to a non-homogenous representation on the tensor space of any finite-dimensional irreducible gl(n, C)-module with the polynomial space. Moreover, the structure of such a representation was completely determined. The result can be used to study the quantum field theory with sl(n + 1, C) as the symmetry. Furthermore, we [XZ] generalize the conformal representation of o(n + 2, C) to a nonhomogenous representation of o(n + 2, C) on the tensor space of any finite-dimensional irreducible o(n, C)-module with a polynomial space by Shen's idea of mixed product for Witt algebras. It turns out that a hidden central transformation is involved. More importantly, we find a condition on the constant value taken by the central transformation such that the generalized conformal representation is irreducible. The result would be useful in higher-dimensional conformal field theory.
In [X4] , we find a new representation of the simple Lie algebra of type E 6 on the polynomial algebra in 16 variables, which gives a fractional representation of the corresponding Lie group on 16-dimensional space. Using this representation and Shen's idea of mixed product, we construct a functor from D 5 -Mod to E 6 -Mod. A condition for the functor to map a finite-dimensional irreducible D 5 -module to an infinite-dimensional irreducible E 6 -module is obtained. Our general frame also gives a direct polynomial extension from irreducible D 5 -modules to irreducible E 6 -modules. The obtained infinite-dimensional irreducible E 6 -modules are (G, K)-modules in terms of Lie group representations. The results could be used in studying the quantum field theory with E 6 symmetry and symmetry of partial differential equations.
This paper is the forth work in the program of studying quantum-field motivated representations of finite-dimensional simple Lie algebras. It is well known that the minimal dimension of irreducible modules over the simple Lie algebra of type E 7 is 56. Based on a grading of the simple Lie algebra of type E 7 , we find a first-order differential operator representation of the Lie algebra on the polynomial algebra in 27 independent variables. In fact, the corresponding Lie group representation is given by fractional transformations on 27-dimensional space. Using this representation and Shen's idea of mixed product, we construct a new functor from E 6 -Mod to E 7 -Mod, where a hidden central transformation is involved. More importantly, a condition for the functor to map a finite-dimensional irreducible E 6 -module to an infinite-dimensional irreducible E 7 -module in terms of the constant value taken by the central transformation is obtained. The well-known Dickson cubic invariant (cf. [Dl] ) plays an important role in our approach. Our general frame also gives a direct polynomial extension from irreducible E 6 -modules to irreducible E 7 -modules, which can be applied to obtain explicit bases of irreducible E 7 -modules from those of irreducible E 6 -modules. The result could be useful in understanding the quantum field theory with E 7 symmetry. Our fractional representation of the E 7 Lie group could also be used in symmetry analysis of partial differential equations just as the conformal representation of orthogonal Lie groups does. Our infinite-dimensional irreducible E 7 -modules are (G, K)-modules in terms of the corresponding Lie group representations.
The E 7 Lie algebra and group are important mathematical objects with broad applications. They are second most complicated finite-dimensional simple Lie algebra and group. The complexity indeed imply rich connotation. Here we are only able to list a small part of it. Ramond [R] (1977) gave a group theoretical analysis of a symmetry breaking affected by Higgs fields for the vector-like unified theory base on E 7 . Cvitanovié [Co] (1981) studied the E 7 symmetry with negative bosonic dimension. Han, Kim and Tanii [HKT] (1986) presented a supersymmetrization of the six-dimensional anomaly-free E 6 × E 7 × U(1) theory with Lorentz Chern-Simons term. Kato and Kitazawa [KK] (1989) studied the correlation functions in an E 7 -type modular-invariant Wess-Zumino-Witten theory, which is related to the scheme of string compatification proposed by Gepner. Ma [M] (1990) found the spectrum-dependent solutions to the Yang-Baxter equation for quantum E 7 .
Fernádez, Garcia Fuerres and Perelomov [FFP] (2005) re-expressed the quantum Calogero-Sutherland model for the Lie algebra E 7 and the particular value of the coupling constant k = 1, using the fundamental irreducible characters of the algebra as dynamic variables. Moreover, they used the model to obtain explicitly the characters and Clebsch-This work further reveals new beauties of the simple Lie algebra of type E 7 . In Section 2, we construct the 27-dimensional representation of the simple Lie algebra of type E 6 in terms of first-order differential operators on the polynomial algebra in 27 independent variables from the lattice-construction of the simple Lie algebra of type E 7 . In Section 3, we realize the simple Lie algebra of type E 7 in terms of first-order differential operators on the polynomial algebra in 27 independent variables. Section 4 is devoted to the explicit presentation of the functor from E 6 -Mod to E 7 -Mod. Finally in Section 6, we determine a condition for the functor to map a finite-dimensional irreducible E 6 -module to an infinitedimensional irreducible E 7 -module.
2 Polynomial Representation of E 6 via E 7
In this section, we will explicitly construct the 27-dimensional basic irreducible representation of E 6 .
For convenience, we will use the notion i, i + j = {i, i + 1, i + 2, ..., i + j} (2.1)
for integer i and positive integer j throughout this paper. We start with the root lattice construction of the simple Lie algebra of type E 7 . As we all known, the Dynkin diagram of E 7 is as follows:
Let {α i | i ∈ 1, 7} be the simple positive roots corresponding to the vertices in the diagram, and let Φ E 7 be the root system of E 7 . Set
2) the root lattice of type E 7 . Denote by (·, ·) the symmetric Z-bilinear form on Q E 7 such that
Then for α, β, γ ∈ Q E 7 ,
In particular,
The simple Lie algebra of type E 7 is
with the Lie bracket [·, ·] determined by:
for α, β ∈ Φ E 7 and h ∈ H E 7 (e.g., cf. [K, X1] ). Moreover, we define a bilinear form (·|·) on
Note that
is the root lattice of E 6 and
is the root system of E 6 . Set
Then the subalgebra
of G E 7 is exactly the simple Lie algebra of type E 6 . Denote by Φ
the set of positive roots of E 6 and by Φ + E 7 the set of positive roots of E 7 . The elements of Φ + E 6 are:
18) (2.20) and
the set of the following positive roots:
For convenience, we also denote
27)
28) ξ 9 = E (0,1,1,2,1,1,1) , ξ 10 = E (1,1,1,1,1,1,1) , ξ 11 = E (0,1,1,2,2,1,1) , ξ 12 = E (1,1,1,2,1,1,1) , (2.29)
ξ 13 = E (1,1,1,2,2,1,1) , ξ 14 = E (0,1,1,2,2,2,1) , ξ 15 = E (1,1,2,2,1,1,1) , ξ 16 = E (1,1,2,2,2,1,1) , (2.30) ξ 17 = E (1,1,1,2,2,2,1) , ξ 18 = E (1,1,2,3,2,1,1) , ξ 19 = E (1,1,2,2,2,2,1) , ξ 20 = E (1,2,2,3,2,1,1) , (2.31) 1, 2, 3, 3, 2, 1) , ξ 23 = E (1,2,2,3,2,2,1) , ξ 24 = E (1,2,2,3,3,2,1) , (2.32) 2, 2, 4, 3, 2, 1) , ξ 26 = E (1, 2, 3, 4, 3, 2, 1) , ξ 27 = E (2,2,3,4,3,2,1) , (2.33)
34)
35) 2, 2, 3, 4, 3, 2, 1) .
(2.40)
Then G ± are abelian subalgebras of G E 7 and G 0 is a maximal reductive Lie subalgebra of
Denote by λ i the ith fundamental weight of G E 6 . With respect to the adjoint representation of G E 7 , G + forms an irreducible G E 6 -module with highest weight λ 1 and G − forms an irreducible G E 6 -module with highest weight λ 6 . Set
the polynomial algebra in x 1 , x 2 , ..., x 27 . Write 44) where
Then A forms a G 0 -module and the subspace
forms a G 0 -submodule isomorphic to G − , where the isomorphism is determined by x i → η i for i ∈ 1, 27. Denote by N the set of nonnegative integers. Write
be the algebra of differential operators on A. Then the linear transformation τ determined by
is an involutive anti-automorphism of A. Thanks to (2.10), (2.11), (2.44) and (2.45), we find the following representation formulas of G 0 :
52)
53)
54) 
by the Dynkin diagram of E 7 . Thanks to (2.10),
According to the coefficients of x 1 ∂ x 1 in (2.87) and Table 1 , we have that
is the degree operator on A.
3 Extended Representation of E 7
In this section, we realize the simple Lie algebra of type E 7 in terms of first-order differential operators on the polynomial algebra in 27 independent variables.
Recall that a singular vector of G E 6 is a nonzero weight vector annihilated by positive root vectors. According to Table 1 , we find a G E 6 -singular vector
of weight λ 1 as (3.1)-(3.6) in [X2] . Note
2)
3)
by (2.50)-(2.55) and (2.86). As (3.7)-(3.24) in [X2] , we set by (3,2)-(3.7) that ζ 2 = x 1 x 17 + x 2 x 13 + x 3 x 12 + x 4 x 10 − x 6 x 8 , (3.8)
9)
10) (3.11) ζ 6 = x 1 x 23 + x 2 x 20 + x 6 x 15 − x 7 x 12 + x 9 x 10 , (3.12) ζ 7 = −x 1 x 24 + x 3 x 20 − x 6 x 16 + x 7 x 13 − x 10 x 11 , (3.13)
14)
ζ 9 = x 1 x 25 + x 4 x 20 + x 6 x 18 − x 9 x 13 + x 11 x 12 , (3.15) 
forms an irreducible G E 6 -module with highest weight λ 1 .
By (2.50)-(2.55) and (3.1)-(3.33), we calculate
Moreover, (2.84) and Table 1 give
with b i,r given in the following table: Table 2 i 
Then D forms a G E 6 -module with respect to the action
On the other hand, G ± (cf. (2.25)-(2.39)) form G E 6 -modules with respect to the adjoint representation. According to (2.44) and (2.45), the linear map determined by η i → x i for i ∈ 1, 27 gives a G E 6 -module isomorphism from G − to V . Moreover,
by (2.12). The fact ∂ x i (x j ) = δ i,j for i, j ∈ 1, 27, (2.13) and (3.51) show that the linear map determined by ξ i → ∂ x i for i ∈ 1, 27 gives a G E 6 -module isomorphism from G + to D. Hence we define the action of G + on A by
Recall the Witt Lie subalgebra of A:
Now we want to find the differential operators P 1 , P 2 , ..., P 27 ∈ W 24 such that the following action matches the structure of G E 7 : , 27. (3.54) Comparing the weights in Table 1 and Table 2 , we use (3.1) and (3.8)-(3.33) to assume
where
by (2.87) and Table 1 , we get
by (3.1), (3.8)-(3.13), (3.15), (3.17) and (3.20). Thus
According to (3.1), (3.8)-(3.13), (3.15), (3.17) and (3.20), we find 14, 17, 19, 21, 22, 23, 24, 25, 26, 27. (3.75) On the other hand, if 
Expressions (2.50)-(2.55), (3.35)-(3.40) and (3.48) imply that P 1 is a G E 6 -singular vector in W 27 with weight λ 6 . Since −[E −α 6 , x 1 ] = x 2 , we set
by (3.7), (3.46) and (3.58). As −[E −α 5 , x 2 ] = x 3 , we take
by (3.6), (3.45) and (3.77). Thanks to −[E −α 4 , x 3 ] = x 4 , we have
by (3.5), (3.44) and (3.78). Due to −[E −α 3 , x 4 ] = x 5 , we write
by (3.4), (3.43) and (3.79). Since −[E −α 2 , x 4 ] = x 6 , we denote
by (3.3), (3.42) and (3.79). As −[E −α 3 , x 6 ] = x 7 , we denote
by (3.4), (3.43) and (3.81). Thanks to −[E −α 1 , x 5 ] = x 8 , we find
by (3.2), (3.41) and (3.80).
Since [E −α 4 , x 7 ] = x 9 , we take
by (3.5), (3.44) and (3.82). As [E −α 1 , x 7 ] = −x 10 , we let
by (3.2), (3.41) and (3.82). Due to [E −α 5 , x 9 ] = x 11 , we take
by (3.6), (3.45) and (3.84). Thanks to −[E −α 1 , x 9 ] = x 12 , we find
by (3.2), (3.41) and (3.84). Due to [E −α 5 , x 12 ] = x 13 , we write
by (3.6), (3.45) and (3.87). Equation [E −α 6 , x 11 ] = x 14 , we let
by (3.7), (3.46) and (3.86).
As −[E −α 3 , x 12 ] = x 15 , we get
by (3.4), (3.43) and (3.87). Thanks to [E −α 5 , x 15 ] = x 16 , we let
by (3.6), (3.45) and (3.90). Due to −[E −α 1 , x 14 ] = x 17 , we get
by (3.2), (3.41) and (3.89). Since [E −α 4 , x 16 ] = x 18 , we find
by (3.5), (3.44) and (3.91). Thanks to [E −α 6 , x 16 ] = x 19 , we calculate
by (3.7), (3.46) and (3.91). As [E −α 2 , x 18 ] = x 20 , we have
by (3.3), (3.42) and (3.93). Since [E −α 4 , x 19 ] = x 21 , we let
by (3.5), (3.44) and (3.94). Equation [E −α 5 , x 21 ] = x 22 , we write
by (3.6), (3.45) and (3.96). Note that the equation [E −α 2 , x 21 ] = x 23 gives rise to
by (3.3), (3.42) and (3.96). Since [E −α 2 , x 22 ] = x 24 , we write
by (3.3), (3.42) and (3.97). As [E −α 4 , x 24 ] = x 25 , we write
by (3.5), (3.44) and (3.99). Thanks to [E −α 3 , x 25 ] = x 26 , we write
by (3.4), (3.43) and (3.100). Due to −[E −α 1 , x 26 ] = x 27 , we write
by (3.2), (3.41) and (3.101). Set
(cf. (2.50)-(2.87) and (2.91)) and 
(2.87) and Table 1) gives a Lie algebra isomorphism from
as Lie algebras. Denote by U(G) the universal enveloping algebra of a Lie algebra G. Note that
are also Lie subalgebras of G E 7 and
We define a one-dimensional B − -module Cu 0 by
Recall that N is the set of nonnegative integers. Let
We define an action of the associative algebra A (cf. (2.48)) on A ′ by
and
the above action gives an associative algebra representation of A. Thus it also gives a Lie algebra representation of A (cf. (3.48)). It is straightforward to verify that
According to (2.50)-(2.87), (3.113) and (3.114),
Moreover, (3.110), (3.111), (3.113), (3.114) and (3.118) imply
Now (3.111) and (3.113) imply
Thus we have
On the other hand, the linear map
is a Lie algebra monomorphism from G E 7 to A| A ′ . According to (3.76) and (3.115),
By the constructions of P 2 , ..., P 27 in (2.77)-(2.102), we have
Therefore, we have
forms a Lie algebra. Since the linear map d → d| A ′ for d ∈ C is injective, we have that C forms a Lie subalgebra of A and ϑ is a Lie algebra isomorphism. ✷ By the above theorem, a Lie group of type E 7 is generated by the linear transformations {e bu| A | b ∈ R, u ∈ G E 6 } associated with (2.50)-(2.87), the real translations and dilations in 27 i=1 Rx i , and the fractional transformations {e bP i | b ∈ R, i ∈ 1, 27} such as 13, 15, 16, 18, 20}, (3.126 )
by (3.1)-(3.7), (3.9), (3.11), (3.14) and (3.58).
Later, we need the following Dickson's G E 6 -invariant: 4 Functor from E 6 -Mod to E 7 -Mod
In this section, we construct a new functor from E 6 -Mod to E 7 -Mod. Note that
forms a Lie algebra with the Lie bracket:
Moreover, we define the Lie algebra
with the Lie bracket:
(4.4)
Similarly, gl(27, A) becomes a Lie algebra with the Lie bracket as that in (4.2). Recall the Witt algebra W 27 = 27 i=1 A∂ x i , and Shen [Sg1-3] found a monomorphism ℑ from the Lie algebra W 27 to the Lie algebra of semi-product W 27 + gl(27, A) defined by
(4.5)
According to our construction of P 1 -P 27 in (3.58) and (3.77)-(3.102),
On the other hand,
becomes a Lie algebra with the Lie bracket
by (2.41) and (2.88). So there exists a Lie algebra monomorphism ̺ :
Since ℑ is a Lie algebra monomorphism, our construction of P 1 -P 27 in (3.48) and (3.58)-(3.102) show that we have a Lie algebra monomorphism ι :
According to (2.4), (2.11) and (2.34)-(2.40),
+x 11 E (0,1,1,2,2,1) + x 12 E (1,1,1,2,1,1) + x 13 E (1,1,1,2,2,1) + x 15 E (1,1,2,2,1,1)
+x 16 E (1,1,2,2,2,1) + x 18 E (1,1,2,3,2,1) + x 20 E (1,2,2,3,2,1) . (4.13)
Moreover, (3.7) yields
−x 2 ̺(α 6 + α 7 ) + x 7 E (0,1,1,1,1) + x 8 E (1,0,1,1,1) + x 9 E (0,1,1,2,1) + x 10 E (1,1,1,1,1)
+x 12 E (1,1,1,2,1) − x 14 E (0,1,1,2,2,1) + x 15 E (1,1,2,2,1) − x 17 E (1,1,1,2,2,1) −x 19 E (1,1,2,2,2,1) − x 21 E (1,1,2,3,2,1) − x 23 E (1,2,2,3,2,1) .
(4.14)
Expression (3.6) gives
+x 21 E (1,1,2,2,1,1) + x 22 E (1,1,2,2,2,1) − x 25 E (1,2,2,3,2,1) (4.16) by (3.5),
−x 16 E (1,1,1,1,1) + x 14 E (0,1,0,1,1,1) − x 19 E (1,1,1,1,1,1) − x 18 E (1,1,1,2,1) −x 21 E (1,1,1,2,1,1) − x 22 E (1,1,1,2,2,1) + x 26 E (1,2,2,3,2,1) (4.17)
by (3.4), ,4,5,6,7 α i ) + x 9 E (0,0,1,1) + x 10 E (1,0,1) + x 12 E (1,0,1,1) + x 11 E (0,0,1,1,1)
+x 13 E (1,0,1,1,1) + x 14 E (0,0,1,1,1,1) + x 17 E (1,0,1,1,1,1) − x 20 E (1,1,2,2,1)
+x 16 E (1,0,1,1,1) − x 14 E (0,0,0,1,1,1) + x 19 E (1,0,1,1,1,1) + x 20 E (1,1,1,2,1)
+x 23 E (1,1,1,2,1,1) + x 24 E (1,1,1,2,2,1) + x 26 E (1,1,2,3,2,1) (4.19) by (3.3),
+x 16 E (0,1,1,1,1) + x 17 E (0,1,0,1,1,1) + x 19 E (0,1,1,1,1,1) + x 18 E (0,1,1,2,1)
+x 21 E (0,1,1,2,1,1) + x 22 E (0,1,1,2,2,1) + x 27 E (1,2,2,3,2,1) (4.20)
by (3.2), −x 23 E (0,1,1,2,1,1) − x 24 E (0,1,1,2,2,1) + x 27 E (1,1,2,3,2,1) (4. 22) by (3.2),
+x 22 E (1,0,1,1,1,1) − x 24 E (1,1,1,1,1,1) − x 25 E (1,1,1,2,1,1) + x 26 E (1,1,2,2,1,1) (4.23)
by (3.6), −x 21 E (0,0,1,1,1,1) + x 23 E (0,1,1,1,1,1) − x 25 E (0,1,1,2,2,1) − x 27 E (1,1,2,2,2,1) (4.24) by (3.5),
+x 12 E −α 5 + x 16 E α 3 − x 17 E α 6 + x 18 E (0,0,1,1) − x 20 E (0,1,1,1) −x 22 E (0,0,1,1,1,1) + x 24 E (0,1,1,1,1,1) + x 25 E (0,1,1,2,1,1) + x 27 E (1,1,2,2,1,1) (4.25)
by (3.6),
+x 23 E (1,1,1,1) + x 24 E (1,1,1,1,1) + x 25 E (1,1,1,2,1) − x 26 E (1,1,2,2,1) (4.26) by (3.7),
+x 21 E (0,0,0,1,1,1) − x 23 E (0,1,0,1,1,1) + x 26 E (0,1,1,2,2,1) + x 27 E (1,1,1,2,2,1) (4.27) by (3.4),
+x 12 E ′ (0,0,0,0,1,1) + x 13 E −α 6 + x 19 E α 3 + x 21 E (0,0,1,1) − x 23 E (0,1,1,1) +x 22 E (0,0,1,1,1) − x 24 E (0,1,1,1,1) − x 25 E (0,1,1,2,1) − x 27 E (1,1,2,2,1) (4.29)
by (3.7)
0,0,0,1,1) + x 16 E −α 4 − x 21 E α 6 − x 20 E α 2 + x 22 E (0,0,0,0,1,1) −x 25 E (0,1,0,1,1,1) + x 26 E (0,1,1,1,1,1) + x 27 E (1,1,1,1,1,1) (4.30) by (3.5), 1,0,1,1 ) + x 26 E (0,1,1,2,1) + x 27 E (1,1,1,2,1) (4.31) by (3.7),
+x 13 E ′ (0,1,1,1) + x 15 E ′ (0,1,0,1,1) − x 16 E (0,1,0,1) + x 18 E −α 2 − x 23 E α 6 +x 24 E (0,0,0,0,1,1) − x 25 E (0,0,0,1,1,1) + x 26 E (0,0,1,1,1,1) + x 27 E (1,0,1,1,1,1) (4.32)
by (3.3),
by (3.5), 
by (3.6), ) by (3.5),
by (3.2). Note that the coefficient of
Recall the Lie algebra K defined via (4.1)-(4.8). Fix c ∈ C. Then M becomes a K-module with the action defined by
for d ∈ W 27 , f, g ∈ A, w ∈ M and u ∈ G E 6 . Since the linear map ι : G E 7 → K defined in (4.10)-(4.12) is a Lie algebra monomorphism, M becomes a G E 7 -module with the action defined by
(4.43)
In fact, we have:
We remark that the module M is not a generalized module in general because it may not be equal to
Proof. Note that for any i ∈ 1, 27, f ∈ A and v ∈ M, (4.12), (4.42) and (4.43) imply
By the above proposition, the map M → U(G − )(M) is a polynomial extension from irreducible G E 6 -modules to irreducible G E 7 -modules.
Irreducibility
In this section, we want to determine the irreducibility of G E 6 -modules M . Note that M can be viewed as a G E 6 -module. Indeed, (4.11) and (4.43) show
(5.2) (cf. (2.34)-(2.39)). Recall the Lie subalgebras G ± and G 0 of G E 6 defined in (2.41). For k ∈ N, we set
(cf. (2.47), (4.41)) and
Next we define a linear transformation ϕ on M determined by
Note that A 1 = G 0 -module isomorphism. Thus ϕ can also be viewed as a G 0 -module homomorphism from
Observe that the fundamental weights of G E 6 are:
λ 1 = 1 3 (4α 1 + 3α 2 + 5α 3 + 6α 4 + 4α 5 + 2α 6 ), (5.9) λ 2 = α 1 + 2α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 , (5.10) λ 3 = 1 3 (5α 1 + 6α 2 + 10α 3 + 12α 4 + 8α 5 + 4α 6 ), (5.11) λ 4 = 2α 1 + 3α 2 + 4α 3 + 6α 4 + 4α 5 + 2α 6 , (5.12) λ 5 = 1 3 (4α 1 + 6α 2 + 8α 3 + 12α 4 + 10α 5 + 5α 6 ), (5.13) λ 6 = 1 3 (2α 1 + 3α 2 + 4α 3 + 6α 4 + 5α 5 + 4α 6 ).
(5.14)
Using the above expressions, we can view λ i ∈ H E 6 by (2.16). Then Casimir element of
due to (2.12) and (2.13). The algebra U(G E 6 ) can be imbedded into the tensor algebra
is symmetric with respect to {α 1 , ..., α 6 } by (5.9)-(5.14),
Furthermore,ω acts on M as a G E 6 -module homomorphism via
Proof. By (2.87) with Table 1 and (5.9)-(5.14) 6 (5.20) with c i,r ∈ C, for instance,
On the other hand, 
Thus (2.50)-(2.86) yield
+x 16 E (1,1,2,2,2,1) + x 18 E (1,1,2,3,2,1) + x 20 E (1,2,2,3,2,1) ](w).
( 5.24) Comparing (4.13) and (5.24), we get ϕ(x 1 w) = (ω − c)(x 1 w). According to (3.7),
, similar arguments as (5.25) and induction on i, we can prove 26) that is, the lemma holds. ✷ Recall that N is the set of nonnegative integers and the set of dominate integral weights is
(e.g., cf. [H] ). For any µ ∈ Λ + , we denote by V (µ) the finite-dimensional irreducible G E 6 -module with the highest weight µ and have
by (5.15). According to (2.87) and Table 1 , the weight set of the
Lemma 5.2. We have:
Proof. Note that all the weight subspaces of A 1 are one-dimensional. Thus all the irreducible components of A 1 ⊗ V (λ) are of multiplicity one. Since
the tensor theory of finite-dimensional irreducible modules over a finite-dimensional simple Lie algebra (e.g., cf. [H] ) says that
by Table 1 . Thus the eigenvalues ofω| V (λ) 1 are
by (5.17) and (5.19). Define 37) which will be used to determine the irreducibility of V (λ). If
Recall the differential operators P 1 , ..., P 27 given in (3.58)-(3.102). We also view the elements of A as the multiplication operators on A. Recall ζ 1 in (3.1). It turns out that we need the following lemma in order to determine the irreducibility of V (λ).
Lemma 5.3. As operators on A:
P 14 x 1 + P 1 x 14 + P 11 x 2 + P 2 x 11 + P 9 x 3 + P 3 x 9 + P 7 x 4 + P 4 x 7 − P 6 x 5 − P 5 x 6 = ζ 1 (D − 8) + χ∂ x 27 .
(5.39)
Proof. According to (3.58), (3.77)-(3.82), (3.84), (3.86) and (3.89), we find that P 14 x 1 + P 1 x 14 + P 11 x 2 + P 2 x 11 + P 9 x 3 + P 3 x 9 + P 7 x 4 + P 4 x 7 − P 6 x 5 − P 5 x 6 = −8ζ 1 + x 1 P 14 + x 14 P 1 + x 2 P 11 + x 11 P 2 + x 3 P 9 +x 9 P 3 + x 4 P 7 + x 7 P 4 − x 5 P 6 − x 6 P 5 (5.40) and x 1 P 14 + x 14 P 1 + x 2 P 11 + x 11 P 2 + x 3 P 9 + x 9 P 3 + x 4 P 7 + x 7 P 4 − x 5 P 6 − x 6 P 5
−(x 14 ζ 3 + x 2 ζ 16 − x 3 ζ 15 + x 7 ζ 8 − x 5 ζ 10 )∂ x 19 − (x 1 ζ 20 + x 11 ζ 6 + x 9 ζ 7 + x 7 ζ 9 +x 6 ζ 11 )∂ x 20 + (x 14 ζ 4 + x 2 ζ 18 − x 9 ζ 8 − x 4 ζ 15 − x 5 ζ 12 )∂ x 21 − (x 14 ζ 5 + x 11 ζ 8 +x 3 ζ 18 − x 4 ζ 16 − x 5 ζ 13 )∂ x 22 − (x 14 ζ 6 − x 2 ζ 20 − x 9 ζ 10 − x 7 ζ 12 − x 6 ζ 15 )∂ x 23 +(x 14 ζ 7 + x 11 ζ 10 − x 3 ζ 20 − x 7 ζ 13 − x 6 ζ 16 )∂ x 24 − (x 14 ζ 9 + x 11 ζ 12 + x 9 ζ 13
by (3.1), (3.8)-(3.11) and (3.14),
x 1 ζ 10 − x 2 ζ 7 + x 3 ζ 6 + x 7 ζ 2 − x 6 ζ 3 = ζ 1 x 10 (5.43) by (3.1), (3.8), (3.9), (3.12), (3.13) and (3.16),
by (3.1), (3.8), (3.10), (3.12), (3.15) and (3.18),
by (3.1), (3.8), (3.11), (3.13), (3.15) and (3.19),
by (3.1), (3.9), (3.10), (3.12), (3.17) and (3.21),
by (3.1), (3.9), (3.11), (3.13), (3.17) and (3.22), x 14 ζ 2 − x 2 ζ 13 + x 3 ζ 12 − x 4 ζ 10 + x 6 ζ 8 = ζ 1 x 17 (5.48) by (3.1), (3.8), (3.14), (3.16), (3.18) and (3.19),
by (3.1), (3.10), (3.11), (3.15), (3.17) and (3.24),
by (3.1), (3.9), (3.14), (3.16), (3.21) and (3.22),
x 1 ζ 20 + x 11 ζ 6 + x 9 ζ 7 + x 7 ζ 9 + x 6 ζ 11 = ζ 1 x 20 (5.51) by (3.1), (3.12), (3.13), (3.15), (3.17) and (3.26),
by (3.1), (3.10), (3.14), (3.18), (3.21) and (3.24),
by (3.1), (3.11), (3.14), (3.19), (3.22) and (3.24), x 14 ζ 6 − x 2 ζ 20 − x 9 ζ 10 − x 7 ζ 12 − x 6 ζ 15 = ζ 1 x 23 (5.54) by (3.1), (3.12), (3.16), (3.18), (3.21) and (3.26), 
Proof. We calculate it by (3.1), (3.8)-(3.33), (3.58) and (3.77)-(3.102). In particular, 2(ζ 1 ζ 14 − ζ 2 ζ 11 − ζ 3 ζ 9 + ζ 4 ζ 7 − ζ 5 ζ 6 ) = −2χx 1 , (5.60) which is the coefficient of ∂ x 1 in addition to the term containing D. According to (2.138), the operator on the left hand side of (5.59) is a G E 6 -invariant differential operator. By symmetry, the coefficient of
We define the multiplication Moreover, we use (3.14), (3.16), (3.18), (3.21), (3.23) and (3.33) to find that (5.64) is equal to zero. Since the left hand side of (5.63) is a G E 6 -invariant differential operator, it is invariant under the action of the E 6 Weyl group. The transitivity the Weyl group on Φ E 6 yields that the coefficient of E β = 0 for any β ∈ Φ E 6 . 
(cf. (5.1)). It can be verified that T 1 is a G E 6 -singular vector with weight λ 1 in End M. So it generates the 27-dimensional module of highest weight λ 1 . We set
+ζ 5 E (0,0,1,1,1) − ζ 6 E (0,1,1,1) + ζ 7 E (0,1,1,1,1) − ζ 8 E (0,0,1,1,1,1) − ζ 9 E (0,1,1,2,1) −ζ 10 E (0,1,1,1,1,1) − ζ 14 E (1,1,2,2,1) + ζ 12 E (0,1,1,2,1,1) − ζ 13 E (0,1,1,2,2,1) −ζ 17 E (1,1,2,2,1,1) + ζ 19 E (1,1,2,2,2,1) − ζ 21 E (1,1,2,3,2,1) − ζ 23 E (1,2,2,3,2,1)
by (2.10), (2.11), (3.2) and (3.41),
+ζ 10 E (0,1,0,1,1,1) + ζ 14 E (1,1,1,2,1) − ζ 15 E (0,1,1,2,1,1) + ζ 16 E (0,1,1,2,2,1)
+ζ 17 E (1,1,1,2,1,1) − ζ 19 E (1,1,1,2,2,1) + ζ 22 E (1,1,2,3,2,1) + ζ 24 E (1,2,2,3,2,1) −2ζ 3 c + ζ 3 3 (α 1 + 3α 2 + 2α 3 + 6α 4 + 4α 5 + 2α 6 ) (5.72) by (2.10), (2.11), (3.4) and (3.43),
+ζ 12 E (0,1,0,1,1,1) + ζ 14 E (1,1,1,1,1) − ζ 15 E (0,1,1,1,1,1) + ζ 18 E (0,1,1,2,2,1)
+ζ 17 E (1,1,1,1,1,1) − ζ 21 E (1,1,1,2,2,1) + ζ 22 E (1,1,2,2,2,1) − ζ 25 E (1,2,2,3,2,1) −2ζ 4 c + ζ 4 3 (α 1 + 3α 2 + 2α 3 + 3α 4 + 4α 5 + 2α 6 ) (5.73)
by (2.10), (2.11), (3.5) and (3.44), 1,0,1,1,1) + ζ 14 E (1,1,1,1) − ζ 16 E (0,1,1,1,1,1) + ζ 18 E (0,1,1,2,1,1) +ζ 19 E (1,1,1,1,1,1) − ζ 21 E (1,1,1,2,1,1) + ζ 22 E (1,1,2,2,1,1) + ζ 26 E (1,2,2,3,2,1)
by (2.10), (2.11), (3.6) and (3.45),
−ζ 17 E (1,0,1,1,1,1) + ζ 23 E (1,1,1,2,2,1) − ζ 24 E (1,1,2,2,2,1) − ζ 25 E (1,1,2,3,2,1) −2ζ 6 c + ζ 6 3 (α 1 + 2α 3 + 3α 4 + 4α 5 + 2α 6 ) (5. 75) by (2.10), (2.11), (3.3) and (3.42),
+ζ 19 E (1,1,1,1,1) − ζ 21 E (1,1,1,2,1) + ζ 22 E (1,1,2,2,1) − ζ 27 E (1,2,2,3,2,1)
by (2.10), (2.11), (3.7) and (3.46),
by (2.10), (2.11), (3.5) and (3.44),
−ζ 19 E (1,0,1,1,1) + ζ 23 E (1,1,1,2,1) − ζ 24 E (1,1,2,2,1) − ζ 27 E (1,1,2,3,2,1) −2ζ 10 c + ζ 10 3 (α 1 + 2α 3 + 3α 4 + α 5 − α 6 ) (5.79)
by (2.10), (2.11), (3.3) and (3.42),
−ζ 22 E (1,0,1,1,1,1) + ζ 24 E (1,1,1,1,1,1) + ζ 25 E (1,1,1,2,1,1) + ζ 26 E (1,1,1,2,2,1)
by (2.10), (2.11), (3.4) and (3.43), 0,1,1,1) − ζ 20 E (0,1,1,1,1) −ζ 21 E (1,0,1,1,1) + ζ 23 E (1,1,1,1,1) + ζ 25 E (1,1,2,2,1) − ζ 27 E (1,1,2,2,2,1)
+ζ 22 E (0,0,1,1,1,1) − ζ 24 E (0,1,1,1,1,1) − ζ 25 E (0,1,1,2,1,1) − ζ 26 E (0,1,1,2,2,1)
−ζ 22 E (1,0,1,1,1) + ζ 24 E (1,1,1,1,1) + ζ 25 E (1,1,1,2,1) − ζ 27 E (1,1,1,2,2,1)
by (2.10), (2.11), (3.4) and (3.43),
−ζ 22 E (0,0,1,1,1) + ζ 24 E (0,1,1,1,1) + ζ 25 E (0,1,1,2,1) − ζ 27 E (0,1,1,2,2,1)
by (2.10), (2.11), (3.5) and (3.44), by (2.10), (2.11), (3.7) and (3.46). Then T = 27 r=1 CT r forms the 27-dimensional G E 6 of highest weight λ 1 . Indeed, the map η r → T r for r ∈ 1, 27 determines a G E 6 -module isomorphism from U to T (cf. (3.34) ).
Denote T 
